Drgania wlasne belki swobodnie podpartej

ORIGIN:=1
E:=10 GPa b:=10 cm h:=10 cm L:=10m  p:=600 k—g
m
2
A:=b+h J::A.h ,u::p-A C:= E—.J
12 7}
2 4 kg m’ 2
A=100 cm J=833.333 cm H=6 — c=117.851 — EJ:=FE.J=83.333333 kN-m
m s
Warunki brzegowe: y(0)=0 y(L)=0
M(0)=0 M(L)=
Réwnanie rézniczkowe opisujgce swobodne drgania (bez ttumienia) preta prostego przy M(z) _ d?
zastosowaniu modelu Bernoulliego (bez udziatu sit poprzeczych i bezwtadnosci obrotowej). 5 1 y(z)
d4 2
EJ. w(z,t)+pu-—w(x,t)=0 (1)
@) rpew(z,t)
Przyjmujqc rozwigzanie w postaci w(z,t)=y(x)-sin(w-t) otrzymamy:
d* ,u-w2 ) d* 904 w
T)— ylx)|esn(lwt)=0 ====e—e———- > r)——-ylx)=0 =L\|—
() =—r(a) | -sin(w-t) —y(@) - ) ¢ >
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Réwnanie przestepne, wynikajqce z warunkow brzegowych, dajqce czestosci drgan wtasnych: sin(p)=0

sin (a:) 2% /\\//\\//\\//

[ 11.6314]
n:=8 46.5258
, ) 104.683
i=1.2mn @ =ieTr wA=:%-<p2 Postacie drgan wtasnych o _ |186.103 rad
' L W(n,z) s A7 1290.786 | s
n,x):=sin T
[ 3.141593] [ 1.851] ((p" ) :éS:;ié?
6.283185 7.405 :
9.424778 16.661
12.566371 29.619
15.707963 46.28
18.849556 66.643
Wy 1 1251
o= |21.991149 2 = 90.709 | — A _
25.132741 2 118.477| 8 wi,)
28.274334 149.947 . 0
31.415927 185.12 W(2,x)
34.557519 223.995 ‘ ¢ ”
37.699112 266.573 W(3,z) N
: : W(4,z)
W(5,z)
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Drgania wtasne belki obliczone metodq elementow skonczonych

1 2 3 4 5 &
A A
! L = ]. L e ! !_ e ! L e ! L e _!
Le=X k=) 53333333 ke=2C—1.25
n Le2 l

Funkcja DBM - Dodaj Blok Macierzy

DBM (A,B,w,k):=|forie1..rows(B)
forjel ..cols(B)
—B +A

w+i—1,k+j—1 i, w+i—1,k+5-1

A

Agregacja macierzy globalnych belki

Agrg_B (N,Aa,Ab ,Ac) = Lss«— 2
Lr« Lss (N—l— 1)

A —0
A _ ACL Ab Lr,Lr
€= AbT Ac foreel..N
n«—e+Lss—1
k—n+2

A<—DBM(A,Aa,,n,n)
A—DBM(A,Ac,k,k)
A«—DBM(A,Ab,n,k)
A«—DBM (A,Ab" k,n)

I:=1m <--- jednostka dtugosci lub
dtugos¢ porownawcza

Ls:=2  Lw:=n+1 - Liczbawezlow  Lr:=Ls-Lw - Liczba réwnan

20
Wo=— er =0 p7==1 p13 =08
P1(t):={|S«<0-kN P2(t):=|S«1-kN
if t<— if t <
wy 2 wy
HS<—1 kN-sin(wo-t> HS<—1 kN.sin(wo.t>
S S

p2(t)=p-P2(t)
P2(0.2 s)=1 kN

pl(t):=p-P1(t)
P1(0.2 s)=0 kN

0.9

P1(t-1 s) (kN)
P2(t-1 s) (kN)
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Macierz sztywnosci elementow belki

E 6 —12 6
Le Le
K= EJ 6 4.Le —6 2-Le
- 2 | _
Le Le
6 2-Le —6 4-Le|

Agregacja globalnej bezwymiarowej macierzy sztywnosci belki

K:=Agrg_B (n,Ka,Kb,Kc)

of 10 0o 0 0 o0
il 6 5 —-6 25 0 0
2[—9.6 -6 192 0 -9.6 6
sl 6 25 0 10 —-6 25
s/ 0 0 —-96-6 192 0
k-l 0 0 6 25 0 10
sf] 0 0 0 0 —=9.6—6
10 0 O 0O 6 25
sf 0 0 0O 0 0 0
o/ 0 0 0 0 0 0
wl 0o 0 0 0 0 0
17t

A
0.05+

S O o6

0

-9.6

—6

19.2

0

-9.6

6
0

lKa Kb]
= K- T
Kb Ke

k=>53.333333 kN

17

0
—0.05+

—0.1+

—0.15+

—0.2+

v

1.10

Bloki bezwymiarowej macierzy sztywnosci elementu

12 —12
Ka:=| e 6 Kb:=| Xe °
6 4.)e —6 2-)e
pF13::—0.8 kN
Pr
Pr, =0 kNN PF5‘:1 kN  fp=—
, K
i::l..LT
w:=1 K =0 K =1
w:=Lr—1 K :=0 K :=1
y:=Isolve (K,fF>
i::l..ﬂ
B [ _9.891206-107"7
vi=y 2
i oot 3.300781-10
5.3125-1072
5.136719-1072
v=| 3.4375.1072
-2
s o 1.269531 193
—3.125.10
—5.664062-107°
0

Kc:=| xe

12
—6

—6 4-Xe

0
0.028125
0.0330078
0.0229688
0.053125
0.0075
0.0513672
—0.0089063
0.034375
—0.016875
0.0126953
—0.0164063
—0.003125
—0.0075
—0.0056641
0.0023437
0

0.005625 |

Pr=

L oo o0co0co0cocOoROOOO

kN
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Diagonalna macierz bezwtadnosci elementow belki

E 0O 0 O
Le
Le’ | 0 Le 0 0 Ma 0 Le? L 00
m=E=c . € M=n.|"0 n:=t""% —(3.90625.107") kg-m Ma:=| e MO:=
24 12 0 Ma 00
0O 0 — 0O 0 Xe
Le n 6) 2
0:=—=(7.324219.10"°) s
0O 0 O Le C e, ;. .
- - K Aby zmniejszy¢ wplyw bezwtadnosci obrotowej
mozna przyjq¢ Ma ze wspotczynnikiem 0<a<1
12
Agregacja diagonalnej bezwymiarowej macierzy bezwtadnosci a:i=0.1 Ma:=| e 0
M::Agrg_B(n,Ma,MO,Ma) 0 a-Ae
Uwzglednienie warunkéw brzegowych
o1 0 o0 00 00 0O 00 00 ' i:=1..Lr
100125 0 0 0 0 0 0 0O 0 0 0 0 O - K =0 K =0 K =1 M =0 M =1
210 0 19.2 0 0O O 0 O 0 O 0O O 0 O w,1 W w,w w2 w,w
310 0 0 0250 0 0 0 0 0 0 0 0 0 w=Lr—1 K =0 K =0 K =1 M =0 M =1
410 0 0 O 19.2 0 0 O 0 O 0 O 0 O w,t Lhw w,w w1 w,w
510 0 0 O 0O 025 0 O 0 O 0 O 0 O
610 0 0 O 0O O 19.2 0 0 O 0O O 0 O
M= 710 0 0 O 0O O 0 025 0 O 0O O 0 O

810 0 0 O 0O O 0 O 19.2 0 0O O 0 0
910 0 0 O 0O O 0 O 0O 025 0 O 0 O
100 0 0 O 0 O 0 O 0 O 19.2 0 0 O
11{0 0 0 O 0O O 0 O 0 O 0O 025 0 O
1210 0 0 O 0O O 0 O 0 O 0O O 19.2 0
3]0 0 0 O 0O O 0 O 0 O 0O O 0 0.25

ke|K—w® 6:-M]y=0  |M'.K—0c-I|=0 w?.-0=0  |M|=9.172943.10

o:=eigenvals (M_1-K> w:=sort (\/%)
rad

wT:[11.62 46.39 103.91 183.03 280.6 369.5 369.5 387.75 482.09 1652.47 1723.02 1900.84 2127.53 2358.89 ...| —
s
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Roéwnanie wymuszonych, ttumionych drgan belki

Ko-u(t)+Coq-u'(t)+Mg-u"(t)=p(t)

C@=a'M@+,8'K@

Co=an-M+pB-k-K

kK-y(t)+Co-y'(t)+n-M-y"(t)=p(t)

K-y(t)+B8-Coy/(£)+6-M-y"(t) = (1)

k=53.3 kN 7=0.391 N.s’

o0

0:=21=(7.324219-107%) s
K

C=K+2%7 .M f(t) :—-pl(t) a::w1.<2.gl—w1.g)
B K

(1.002 0 0 0 0 0 0 0 0 0 0 0

0 5 —6 2.5 0 0 0 0 0 0 0 0

0 —6 19.243 O -9.6 6 0 0 0 0 0 0

0 25 0 10.001 —6 2.5 0 0 0 0 0 0

0 0 —-96 -6 19.243 O —9.6 6 0 0 0 0

0 0 6 2.5 0 10.001 —6 2.5 0 0 0 0

0 0 0 0 -96 —6 19.243 0 —-9.6 6 0 0

0 0 0 0 6 2.5 0 10.001 —6 2.5 0 0

0 0 0 0 0 0 -9.6 —6 19.243 O -9.6 6

0 0 0 0 0 0 6 2.5 0 10.001 -6 2.5

0 0 0 0 0 0 0 0 -9.6 -6 19.243 0

0 0 0 0 0 0 0 0 6 2.5 0 10.001
0 0 0 0 0 0 0 0 0 0 -9.6 —6

0 0 0 0 0 0 0 0 0 0 6 2.5

Ye=

B=(2.636532:107°) s

a=(8.064465-107")

0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

-9.6 6

—6 2.5

19.243 0
0

10.001

Cl :=0.05 C2 :=0.07

-yl-

Yo

-yN-

1
s
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yt+At_yt—At yt+At_2 yt +yt—At
Roznice centralne. Chwile (t-At), t, (t+At) oznaczane sq indeksami gornymi ----- > y,= A7 Yy’ = v
t
L : . 9 A
Po podstawieniu réznic zamiast pochodnych otrzymamy:. £ = —0.000707 s At:=0.0007 s At<t,, t_t:0.99
,8 9 er—l kr
Koyl + Oyt A gt A Mo (gt 9yt 1yt A = £
T (y (0 )(At)2 (y y' +y' ) =f
At)? _ - At _
alzz( 9) =6.690133-10 a, _’32—9:1.259911-10 !

al-K-yt +a2.c'<yt+At_yt—At>+M.<yt+At_2 yt +yt—At>=a1.ft

To rownanie mozna wzgledem czasu scatkowaé metodq "explicit":

y T (M+a2-C> =a,-f' —a;- K-y +a,-C-y' "+ M- <2-yt —yt_At>
y”At:Mcl-[a,l-ft —a, K-y +ay-Cey' 2+ M- (2- 4 —yt_At>]
My:=Mcl- <2-M—a1-K> Mq=Mecl- <a,2-C—M>

y”At:'rft + My +Mgey' ™ r(t):=Mcl-a,-f(t)

Uwzglednienie warunkéw brzegowych

1:=1..Lr
w:=1 My =0 My =1 My =0 M, =1
w:=Lr—1 My =0 My =1 M- =0 M, =1
Round 1.7 , 1] =4247

w + At

1

Nst:=4000 <---- liczba krokow czasowych At=0.0007 s
Y :=0 <---- inicjacja macierzy rozwiazania i warunkoéw brzegowych

Lr,2

MC:=M+a,-C  |MC|=13029365854.651Mc1:

Ezxplicit_Central_Time(A,N,A):=

t+ At At

y' " Y=rd $ Mgy + Moy

—MC™

fortel..N

k< cols (A)

t— (k:— 1) <A

y2 —7(t) + M+ A% + M AR
A +—augment (A , y2)
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Y :=FExplicit_Central_Time (Y,Nst , At) 1:=1..Nst t:= (i— 1) <At

2

0
0.8}
o}
a a

56 1.4567 1.4574 1.4581 1.4588 1.4595 1.4602 1.4609 1.4616 1.4623 1.463 1.4637 1.4644 1.4651 1.4658 1.4665 1.4672 1.4679

= 2080
2081
2082
2083
2084
2086
2087
2088
2089

090
091
092
093
2094
2095
2096
2097
3999

.. 1.

—()

tt= S

[E—

1768
1769
1770
1771
1772
1773
1774
1775
1776
1777
1778
1779
1780
1781
1782
1783
1784
1785
1786

4001

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.012 0.013 0.013 0.013 0.013 0.013
0.014 0.014 0.014 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.016
0.011 0.011 o0.011 o0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 0.011 o0.012 0.012 0.012 0.012 0.012 0.012 0.012
0.026 0.027 0.027 0.027 0.027 0.027 0.027 0.027 0.028 0.028 0.028 0.028 0.028 0.028 0.028 0.028 0.029 0.029 0.029
0.008 0.008 0.008 0.008 0.008 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009 0.009
0.035 0.035 0.035 0.035 0.035 0.035 0.036 0.036 0.036 0.036 0.036 0.037 0.037 0.037 0.037 0.037 0.037 0.038 0.038
0.004 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005
0.037 0.038 0.038 0.038 0.038 0.038 0.039 0.039 0.039 0.039 0.04 0.04 0.04 0.04 0.04 0.041 0.041 0.041 0.041
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0.034 0.035 0.035 0.035 0.035 0.036 0.036 0.036 0.036 0.036 0.037 0.037 0.037 0.037 0.037 0.038 0.038 0.038 0.038
—0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005 —0.005
0.026 0.027 0.027 0.027 0.027 0.027 0.027 0.028 0.028 0.028 0.028 0.028 0.028 0.029 0.029 0.029 0.029 0.029 0.029
—0.008 —0.008 —0.008 —0.008 —0.008 —0.009 —0.009 —0.009 —0.009 —0.009 —0.009 —0.009 —0.009 —-0.009 —0.009 —0.009 —0.009 —0.009 —0.009

© oo N O () =~ w [\ = o

_ e e e
w N = O

EN|
r

y5 =Y y7 =Y ystat2::umam:0’053125 ystatl =0

1 7,1 1 13,4

0.1

0.08 max (y5) =0.083659 yznf:: y7NSt:O.OO2226

0.06

Y5
it _.041893

y7 002 Ystat2

2

3 _max(y7) _
() T S= 1429276

i Ystat2

—0.02

Ystat2

—0.04

Ystat1

—0.06

Nagnz=1.715522

—0.08

-0.1
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Ystat2

Ystat1

Ystat2

Ystat1

0.1

0.08

0.06 A~

0.04

/\ A “Central difference”
0.02 A
9 0.5 1 1.5 \/ z\/ /~ 3 B
—0.02 t (s
 (8)

—0.04
~0.06
~0.08

0.1

0.08

0.06

0.04

0.02

—0.02

—0.04

—0.06

—0.08

-0.1

“Newmark”
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